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Abstract. All Cohen-Macaulay polymatroidal ideals are classified. The Cohen- 
Macaulay polymatroidal ideals are precisely the principal ideals, the Veronese 
ideals, and the squarefree Veronese ideals. 

Introduction 

Our goal is to classify all Cohen-Macaulay polymatroid ideals. It can be expected 
that such classification would be possible. Because, it seems likely that Cohen- 
Macaulay monomial ideals with linear resolutions are quite rare and it is known 
that every polymatroid ideal has a linear resolution. Our main result says that 
a polymatroidal ideal / is Cohen-Macaulay if and only if / is a principal ideal, a 
Veronese ideal, or a squarefree Veronese ideal, see Theorem 13.21 

1. Monomial ideals with linear quotients 

Let K he a field and S = K[xi, . . . , Xn] the polynomial ring in n variables over K 
with each degXj = 1. Let / C S be a monomial ideal and G{I) its unique minimal 
monomial generators. 

A vertex cover of / is a subset W of {xi, . . . such that each u G G{I) is 
divided by some Xi G W. Such a vertex cover W is called minimal if no proper 
subset of is a vertex cover of /. 

A monomial ideal is called unmixed if all minimal vertex covers of I have the same 
cardinality. If I is Cohen-Macaulay, i.e., the quotient ring S/I is Cohen-Macaulay, 
then / is unmixed. Let h{I) denote the minimal cardinality of the vertex covers of 
I. It then follows that 

(1) dimS/I = n-h{I). 

We say that a monomial ideal I G S has linear quotients if there is an ordering 
Ml, . . . ,Us of the monomials belonging to G{I) with deg-Ui < deg'U2 < ■ ■ • < degUs 
such that, for each 2 < j < s, the colon ideal M2, . . . , : Uj is generated by 
a subset of {xi, . . . , x„}. 

It is known, e.g., [H Lemma 4.1] that if a monomial ideal / generated in one 
degree has linear quotients, then / has a linear resolution. 

Let / be a monomial ideal with linear quotient with respect to the ordering 
Ui,...,Us of the monomials belonging to G{I). We write qj{I) for the number 
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of variables which is required to generate the colon ideal (ui, U2, ■ ■ ■ , Uj-i) : Uj. Let 
q[I) = max2<j<s <lj{I)- It is proved [H', Corollary 1.6] that the length of the minimal 
free resolution of S/I over S is equal to q{I) + 1. Hence 

(2) depths// = n-g(/)-l. 

Thus in particular the integer q{I) is independent of the particular choice of the 
ordering of the monomials which gives linear quotients. 

By using the formulae and it follows that a monomial ideal / with linear 
quotients is Cohen-Macaulay if and only if h{I) = q{I) + 1. 

2. Review on polymatroidal ideals 

One of the important classes of monomial ideals with linear quotients is the class 
of polymatroid ideals. 

Let, as before, K he a field and 5* = K[xi, . . . ,Xn] the polynomial ring in n 
variables over K with each degx^ = 1. Let / C S" be a monomial ideal generated 
in one degree. We say that / is polymatroidal if the following "exchange condition" 
is satisfied: For monomials u = ■ ■ ■ x^" and v = ■ ■ ■ x^" belonging to G{I) 
and for each i with > 6j, one has j with aj < bj such that Xju/xi G G{I). The 
reason why we call such an ideal polymatroidal is that the monomials of the ideal 
correspond to the bases of a discrete polymatroid [2] . The polymatroidal ideal / is 
called matroidal if / is generated by squarefree monomials. 

The exchange property for polymatroidal ideals has a "dual version" stated below. 

Lemma 2.1. Let I be a polymatroidal ideal. Then, for monomials u = x^^ ■ ■ -x^" 
and V = Xi ■ ■ ■ x^ belonging to G{I) and for each i with ai < bi, one has j with 
Oj > bj such that Xiu/xj G G{I). 

Proof We introduce the distance of u and v by setting dist(-u, f ) = | X]g=i ~ ^-jl- 
Fix i with < b^. If there is ki ^ i with a^^ < 6^^, then there is ii with a^^ > 
fefi such that Wi = xi^v/xk^ G G{I). Let Wi = x'^---x'^. Then Cj = 6j and 
dist(M, wi) < dist(M, v). Again, if there is A;2 7^ ^ with < c^j, then there is £2 with 
0^2 > Q2 such that W2 = Xi^wi/xk2 G G{I). Let W2 = xf^ ■ ■ ■x'^. Then di = bi and 
dist(M, W2) < dist{u,wi). Repeating these procedures yields w* = xf ■ ■ -x^" G G{I) 
with qi = bi > tti and qj < aj for all j 7^ i. One has jo 7^ ^ with qj^ < aj^. Then 
Xiu/xj^^ G G'(/), as desired. □ 

It is known [1, Theorem 5.2] that a polymatroidal ideal has linear quotients with 
respect to the reverse lexicographic order <j.ev induced by the ordering xi > X2 > 

■ • ■ > x„. More precisely, if / is a polymatroidal ideal and if ui, . . . ,Us are the 
monomials belonging to G{I) ordered by the reverse lexicographic order, i.e., Ug <rev 

■ ■ ■ <rev U2 <rev Ui, then the colon ideal (mi, . . . , Mj-i) : Uj is generated by a subset 
of {xi, . . . ,x„}. 

The product of polymatroidal ideals is again polymatroidal ([H and In par- 
ticular each power of a polymatroidal ideal is polymatroidal. 

We close the present section with polymatroidal ideals of special kinds which are 
of great interest to us. 
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Example 2.2. (a) The Veronese ideal of degree d in the variables Xi-^, . . . ,Xi^ is 
the ideal of S which is generated by all monomials in , . . . , Xi^ of degree d. The 
Veronese ideal is polymatroidal and is Cohen-Macaulay. 

(b) The squarefree Veronese ideal of degree d in the variables Xjj, . . . ,Xi^ is the 
ideal of 5* which is generated by all squarefree monomials in , . . . , Xi^ of degree d. 
The squarefree Veronese ideal is matroidal and is Cohen-Macaulay. 

3. Classification of Cohen-Macaulay polymatroidal ideals 

We now classify all Cohen-Macaulay polymatroidal ideals. Recall that the sup- 
port of a monomial u = x^^ ■ ■ ■ x^" is supp(M) = {xj : 7^ 0}. 

Lemma 3.1. If I C S is a Cohen-Macaulay polymatroidal ideal, then its radical 
VT is squarefree Veronese. 

Proof. Let / C S* be a Cohen-Macaulay polymatroidal ideal. We may assume that 
UueGC/) supp(-u) = {xi, . . . , x„}. Let m G G'(/) be a monomial for which | supp(M)| is 
minimal. Let, say, supp('u) = {xn~d+i,Xn-d+2, ■ ■ ■ ,Xn}- Let J denote the monomial 
ideal generated by those monomials w G G{I) such that w is bigger than u with 
respect to the reverse lexicographic order. We know that the colon ideal J : u is 
generated by a subset M of {xi, . . . , x^}. We claim that {xi, . . . , Xn-d} C M. For 
each 1 < i < n — d, there is a monomial belonging to G{I) which is divided by Xj. 
It follows from Lemma 12.11 that there is a variable xj with n — d+l<j<n such 
that V = Xiu/xj G G{I). One has v E J. Since XiU = XjV G J, one has Xj G J : u, as 
required. Consequently, one has q{I) > n — d. Since / is Cohen-Macaulay, it follows 
that h{I) > n — d + 1. It then turns out that, for each subset W C {xi, . . . , x„} 
with \W\ = d, the set {xi, . . . , x^} \ W cannot be a vertex cover of /. Hence for 
each subset W C {xi, . . . ,x„} with \W\ = d there is a monomial w G G{I) with 
supp(w7) C W. Since | supp(w)| > | supp('u)| = d, one has supp(w) = W. Hence vT 
is generated by all squarefree monomials of degree c? in Xi, . . . , x„. □ 

Theorem 3.2. A polymatroidal ideal I is Cohen-Macaulay if and only if I is 

(i) a principal ideal, 

(ii) a Veronese ideal, or 

(iii) a squarefree Veronese ideal. 

Proof. By using Lemma IXTl we assume that vT is generated by all squarefree mono- 
mials of degree d in xi, . . . , x„, where 2 < d < n. One has h(I) = h{-\/l) = n~d+l. 
Suppose that / is not squarefree (or, equivalently, each monomial belonging to 
G{I) is of degree > d). Let u = YYi=n-d+i^T ^ ^(-^) be a monomial with 
supp(u) = {x„_d+i, x„_rf+2, . . . , x„,}. For a while, we assume that (*) there is a 
monomial v = 11^=1 ^ ^(-^) with &„_d+i > a„_(i+i. Let J denote the mono- 
mial ideal generated by those monomials w G G{I) such that w is bigger than 
u with respect to the reverse lexicographic order. As was shown in the proof of 
Lemma l3.ll the colon ideal J : u is generated by a subset M of {xi, . . . ,Xn} with 
{xi, . . . ,Xn-d} C. M. We claim that Xn-d+i E J : u. By using Lemma l^?T] our as- 
sumption (*) guarantees that there is a variable Xj with n — d+1 < j < n such that 

3 



uq = Xn-d+iu/xj G G{I). Since Uq G J, one has Xn-d+i G M. Hence q(I) > n — d+1. 
Thus h{I) < q{I) + 1 and I cannot be Cohen-Macaulay. 

To complete our proof, we must examine our assumption (*). For each d-element 
subset a = {xj^, Xjj, . . . , Xj^} of {xi, . . . , there is a monomial u„ G G{I) with 
supp(mo-) = cr. If there are c?-element subset a and r of {xi, . . . , x„} and a variable 
G (J n r with < where (resp. 6^0) is the power of Xi^ in Uo- (resp. 
Ur), then after relabelling the variables if necessarily we may assume that a = 
{xn-d+i,Xn-d+2, ■ ■ ■ , Xji} with iq = Ti — d + 1. In other words, the condition (*) is 
satisfied. Thus in case that the condition (*) fails to be satisfied, there is a positive 
integer e > 2 such that, for each d-element subset {xj^, Xjj, . . . , Xj^} of {xi, . . . , x„} 
one has u = {xi.Xi^ ■ --Xi^Y G G{I). Let w = Xn-dx''~_\+i{ULn-d+2^t) ^ Let 
J denote the monomial ideal generated by those monomials v G G{I) such that v 
is bigger than w with respect to the reverse lexicographic order. Since nr=n-(i -^i ^ 
G{I), by using Lemma ITT] one has Wq = Xn-dw/xn G J and Wi = Xn-d+iw / Xn G 
J. Thus the colon ideal J : w is generated by a subset M of {xi, . . . ,x„} with 
{xi, . . . , x„_rf, Xn_rf+i} C M. Hence q{I) > n — d+1, and thus we have h{I) < 
g(J) + 1, a contradiction. □ 

As we pointed out in Section 1, a Cohen-Macaulay ideal is always unmixed. 
The converse is in general not true, even for matriodal ideals. For example, let 
/ C K[xi, ■ ■ ■ , Xe] be the monomial ideal generated by 

X1X3, X1X4, X1X5, XiXg, X2X3, X2X4, X2X5, X2X6, X3X5, X3X6, X4X5, X4X6. 

Then I is matroidal and unmixed. However, I is not Cohen-Macaulay. 

It would, of course, be of great interest from a viewpoint of combinatorics to 
classify all unmixed polymatroidal ideals. 
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